Abstract. An explicit character formula is established for any strongly generic finite-dimensional irreducible g-module, g being an arbitrary finite-dimensional complex Lie superalgebra. This character formula had been conjectured earlier by Vera Serganova and the author for any generic irreducible finite-dimensional g-module, i.e. such that its highest weight is far enough from the walls of the Weyl chambers.The condition of strong genericity, under which the conjecture is proved in this paper, is slightly stronger then genericity, but if in particular no simple component of g is isomorphic to psq(n) for n ≥ 3 or to H(2k + 1) for k ≥ 2, strong genericity is equivalent to genericity.
Introduction
In the early 1980's Igor Skornyakov suggested that the theory of finite-dimensional representations of a Lie superalgebra could possibly be a "non-commutative version of the theory of finite-dimensional Clifford modules". His remark was based on Victor Kac's description of typical modules over basic classical Lie superalgebras, [K2] , [K3] , and on the few examples of atypical modules which were understood back then. Around the same time Yuri Manin singled out the class of pseudoabelian Lie superalgebras, which by definition are Lie superalgebras h = h 0 ⊕ h 1 such that h 0 is in the center of h. The enveloping algebra of a pseudoabelian Lie superalgebra h is nothing but the Clifford algebra over U (h 0 ) = S · (h 0 ) of the free U (h 0 )-module U (h 0 ) ⊗ C h 1 (the corresponding U (h 0 )-bilinear map
comes from restricting the supercommutator map to h 1 ). Therefore the representations of a pseudoabelian Lie superalgebra are nothing but Clifford modules. Pseudoabelian Lie superalgebras should be viewed as the analog of abelian Lie algebras; for instance the Cartan subsuperalgebra of the simple Lie superalgebra psq(n) is pseudoabelian but not abelian. In 1993 Vera Serganova and the author built a theory of highest weight modules for an arbitrary finite-dimensional complex Lie superalgebra g, [PS1] . We established a necessary and sufficient condition for the finite-dimensionality of a highest weight module and conjectured an explicit character formula for any generic finite-dimensional irreducible module (i.e. such that its highest weight is far enough from the walls of the Weyl chambers defined by the semi-simple part of the Lie algebra g 0 ). This conjecture was verified for all simple Lie superalgebras except psq(n), for all solvable Lie superalgebras, and for some other classes of Lie superalgebras, see [PS1] . Unfortunately in [PS1] we overlooked the fact that as formulated the conjecture is not consistent with the generic character formula for the Lie superalgebra q(n) which had been proved in [P2] . Nevertheless, it only takes a technical modification to bring the conjecture of [PS1] in order with this case too. This modification is explained in 1.1 below.
The present paper is devoted to the proof of the so modified conjecture for an arbitrary complex finite-dimensional Lie superalgebra g. The method of proof forces us to impose a mild additional condition on the module, upgrading its genericity to strong genericity. The additional condition applies only to the restriction of the highest weight to Cartan subsuperalgebras of "special parts" of g which are certain specific extensions of psq(n) or of H(2k + 1). If g is free of such extensions, we prove the original conjecture of [PS1] in full generality.
Our Main Theorem claims that the character formula (1) (see 1.1 below) holds for any strongly generic finite-dimensional irreducible g-module. In order to briefly explain the character formula itself, let's view it as a noncommutative version of the character formula for a finite-dimensional pseudoabelian complex Lie superalgebra h. In this latter case an irreducible finite-dimensional h-module, considered as a h 0 -module, consists of several copies (both even and odd) of a 1-dimensional h 0 -module, corresponding to a weight λ ∈ h * 0 . The number of copies is determined by the dimension of the kernel of the C-bilinear map
− − → h 0 λ → C, which is the restriction to h 1 × h 1 of the U (h 0 )-bilinear map
, composed with the weight λ considered as a map from h 0 into C. This is well known for Clifford modules; the precise formula in the Lie superalgebra setting is written down for instance in [P1] (Proposition 1). For an arbitrary g the 1-dimensional module of weight λ has to be replaced by an irreducible g 0 -module with highest weight λ and the whole irreducible g-module consists of finitely many irreducible g 0 -modules whose highest weights are roughly speaking shifts of λ by negative odd roots. The number of these g 0 -modules, or more precisely the combinatorics of those shifts, is determined by the dimensions of the kernels of a family of bilinear maps parametrized by all "odd lines of g", i.e. by the classes of R-proportional odd roots of g. Looking now at formula (1), it becomes clear that the summation over the Weyl group comes from the Weyl formula for the irreducible g 0 -components of the g-module while the product on the right governs the combinatorics of the highest weights of these irreducible g 0 -modules. In this way the idea of a "non-commutative Clifford module" is highly adequate for a generic finite-dimensional representation of an arbitrary finite-dimensional complex Lie superalgebra g. Let us briefly go over the main points of the proof. We start by introducing the Kac moduleV b (ν λ ), 3.1. This is a finite-dimensional highest weight module with a certain universality property. (One could think of the Kac module as an analogue of the Weyl module in characteristic p). Using induction on dim g, we then construct explicitly (in 4.1) a quotientV b (ν λ ) ofV b (ν λ ) whose character equals to the right-hand side of (1). We fix a Lie superalgebra quotients of g such that s ⊂s ⊂ ders for some simple Lie superalgebra s. The construction goes roughly speaking in two steps. The first step is to construct a g-moduleV b (ν λ ) whose character coincides with the unmodified character formula, i.e. (1) with (ñ
. This module is in general reducible. The second step is to modify it to a g-moduleV b (ν λ ) in the special case when when s psq(n) (n ≥ 3). The rest of the proof is devoted to establishing the irreducibility ofV b (ν λ ). It also goes by induction on dim g. The first and main step in this part of the proof reduces the problem to the case when g gs, gs being by definition the Lie subsuperalgebra of g generated by the root spaces of s. We can then analyze gs using the explicit knowledge of s due to the Kac classification theorem, [K1] . If s osp(2r + 1 + 2nε) (r ≥ 1, n ≥ 1), s G(3), s psq(n) (n ≥ 3), or if s H(2k + 1) (k ≥ 2) ands 0 = (ders) 0 , it turns out that the method of odd reflections, see for instance [PS2] , can be applied also to the extensions gs we consider, and this leads to the result. The case when s osp(2r + 1 + 2nε) or s G(3) gets settled by a specific argument based on the explicit root systems of s. Finally, the cases when s psq(n) (n ≥ 3), or s H(2k + 1) (k ≥ 2) ands 0 = s 0 , require special treatment. It is here that we use the strong genericity of λ (in all other cases we use only the genericity condition on λ).
The paper has two appendices. In Appendix A we discuss series by series, the root structure of all simple complex Lie superalgebras. The purpose of this Appendix is to present the combinatorics of the roots and of the line subsuperalgebras from a unified point of view for all simple Lie superalgebras including the Cartan-type series. In Appendix B we study the behaviour of Cartan and Borel subsuperalgebras under a surjective Lie superalgebra morphism. References to both appendices are needed in the proof of the Main Theorem.
In [PS1] we pointed out some directions of future work. The present paper solves the problem of the character of a generic irreducible finite-dimensional g-module (modulo the question whether the condition of strong genericity is indeed essential or genericity suffices). It is still very intriguing to try to understand the possible links between supergeometry and the character formula (see for instance [PS2] and [P2] where the case of a classical simple g is considered), as well as to study infinite-dimensional irreducible g-modules. And, obviously, there is the problem to compute the character for an arbitrary, non-generic, irreducible finite-dimensional g-module. Recently Vera Serganova, [S2] , has solved this problem for g = gl(m + nε) (the solution is based on her earlier conjecture in [S1] ) and this could become an essential step towards understanding the non-generic modules for an arbitrary g.
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Preliminaries
The present article is essentially a continuation of [PS1] . In this section we go over the most important notation and over some results from [PS1] , but the reader would need to have [PS1] handy for references.
1.1. The problem. All Lie superalgebras shall be assumed to be defined over C and to be finite-dimensional. g will denote an arbitrary fixed (finite-dimensional, complex) Lie superalgebra. All vector spaces will be Z 2 -graded, and a right lower index 0 or 1 shall always refer to a Z 2 -grading. A vector space V is purely even (respectively purely odd) whenever V 1 = 0 (resp. V 0 = 0). The upper index * denotes dual space, and Π is the functor of parity change on vector spaces. The dimension dim V of a vector space V = V 0 ⊕ V 1 is an element of the Clifford ring Z[ε], ε being an odd variable with ε 2 = 1. One has dim V = dim V 0 + dim(ΠV 1 )ε. We set also | dim V | := dim V 0 + dim(ΠV 1 ) and call | dim V | the absolute value of dim V . If V is an g-module, then 0 V will always denote V considered as g 0 -module.
Cartan and Borel subsuperalgebras of g have been introduced in [PS1] . If h is a Cartan subsuperalgebra of g, then an element λ ∈ h * 0 is a weight of g iff λ([h 0 , h 0 ]) = 0. Every Cartan subsuperalgebra h determines a root decomposition of g
the spaces g (α) being generalized weight spaces of the adjoint action of h 0 on g, [PS1] , sect. 2. Furthermore, any finite dimensional g-module V admits a generalized weight decomposition
, sect. 0. When referring below to a root space g (α) , or to a weight space V (µ) , we will always mean a generalized root or weight spaces. If ∆ is the set of roots of g (i.e. α ∈ h * 0 \{0} such that g (α) = 0), we put
and call ∆ 0 and ∆ 1 respectively the even and odd roots of g. (A root can be both even and odd). If b is a Borel subsuperalgebra, then ∆ + (b) and ∆ − (b) denote respectively the positive roots of
. A line of g is a 1-dimensional real subspace in h * 0 (h being a fixed Cartan subsuperalgebra of g) such that ∩ ∆ = ∅. Each line determines a line subsuperalgebra g of g: g is the Lie subsuperalgebra of g generated by all root spaces g (α) for 0 = α ∈ . By definition, is an essential line iff g ∩ h = 0. In [PS1] , sect. 3.2, the essential lines have been classified into three types (i), (ii), (iii). In the sequel we shall often refer to a line being of type (i), (ii) or (iii).
The notion of an adjacent pair
for some line of g; we will also use the notation
It is proved in [PS1] (Lemma 1, sect. 3.1) that any two subsuperalgebras b and b of g, which contain a common Cartan subsuperalgebra, can be connected by a chain α) and the sign ⊃ + (or ⊂ + ) stands for semi-direct sum of Lie superalgebras) the notion of a b-highest weight g-module is well-defined, [PS1] , sect. 4. The b-highest weight space of such a module is an irreducible h-module ν λ equipped with a b-module structure for which n · ν λ = 0. ν λ is characterized up to a possible parity change by the fact that all composition factors of ν λ considered as h 0 -modules have weight λ. In [PS1] , sect. 2, it is proved that any irreducible finite-dimensional b-module is isomorphic to some ν λ . If g = g 0 , then b = b 0 has only 1-or ε-dimension finite-dimensional irreducible modules. In this case we shall denote such a module by λ κ , where λ ∈ h * 0 is its weight and κ ∈ Z 2 indicates its dimension: dim λ 0 = 1, dim λ 1 = ε.
ν λ is the universal b-highest weight g-module with highest weight space ν λ . Its unique irreducible quotient will be denoted by V b (ν λ ). By definition Λ + b is the set of weights λ ∈ h * 0 for which dim V b (ν λ ) < ∞. A necessary and sufficient condition for λ to belong to Λ + b is established in [PS1] : Theorem 1, sect. 4.3. Λ + b0
will denote the set {λ ∈ h * 0 | dim V b0 (λ κ ) < ∞}.
Our objective in this paper is to compute the generalized formal character of an irreducible module V b (ν λ ) under the assumption that V b (ν λ ) is finite-dimensional and that the weight λ is generic. (The generalized formal character ch is defined in [PS1] , sect. 4.1. Its definition is the usual one but with respect to the generalized weight decomposition of V b (ν λ ) ). In order to define a generic weight λ, note that according to the classical Levi theorem one can embed the semi-simple part (g 0 ) ss of g 0 as a Lie subalgebra into g 0 . In particular there is a well-defined projection h * 0 → (h 0 ) * ss , where (h 0 ) ss is the image of h 0 in (g 0 ) ss ( (h 0 ) ss is always a Cartan subalgebra of (g 0 ) ss , see Theorem B in Appendix B) . The image λ ss of λ under this projection is a weight of (g 0 ) ss . We call λ generic whenever λ ss is sufficiently far from the walls of the Weyl chambers in (h 0 ) * ss . More formally this means that the absolute values of all complex numbers (λ ss , α ss ) ss , where α ss is a root of (g 0 ) ss and (·, ·) ss is the Killing form on (g 0 ) ss , are greater or equal a fixed ("big enough") positive integer k. In this way all statements of the form "X is true for a generic weight λ" mean "there exists k ∈ N, so that X is true whenever |(λ ss , α ss ) ss | ≥ k for all α ss ".
The main conjecture of [PS1] , in modified form, states that for any finite-dimensional complex Lie superalgebra g, for any Borel subsuperalgebra b ⊂ g, and for any generic
where W is the Weyl group of (g 0 ) ss , ρ 0 =
denotes the left kernel of the pairing
for any weight µ ∈ h * 0 and any line of g, and (ñ − ) 1 := (n − ) 1 unless g admits a Lie superalgebra surjection p : g → sq(2) 1) with f − λ ⊂ p −1 (sq(2) 0 ) and such that any ideal in g 0 whose intersection with g 0 contains (ker p ) 0 as a proper subspace necesarily contains g 0 . In the latter case (ñ
2) , where b( ) is a Borel subsuperalgebra of g for which the line is simple (i.e. r (b( )) is well-defined, see [PS1] , sect. 3). Formula (1) was originally conjectured in [PS1] 
, which is consistent the character formulas for generic irreducible representation of all simple Lie superalgebras except psq(n).
makes (1) true also for psq(n). In [PS1] (sect. 6, Proposition 7) it is shown that the right hand of the unmodified character formula of [PS1] does not depend on the choices of b( ) for each and more precisely that f
for any two Borel subsuperalgebras b( ) and b ( ) for which is simple. This implies immediately that the right hand side of (1) does not depend on the choices of b( ) too. It is very easy to verify also that the right hand side of (1) is invariant with respect to reflections, i.e. with respect to a simultaneous replacement of b by an adjacent Borel subsuperalgebra b and of ν λ by the irreducible b -submodule ν λ of V b (ν λ ).
1.2. Necessary background on the structure of Lie superalgebras. There is an obvious exact sequence of Lie superalgebras
where r is the radical (= unique maximal solvable ideal) of g and g ss is the semi-simple part of g. Furthermore, the structure of g ss is described by the following theorem of Kac-Cheng.
Theorem. ([K1], [C])
A Lie superalgebrag is semi-simple (i.e. there are no proper solvable ideals in g) iff one has If we setg = g ss , then the Lie superalgebra d is a canonical Lie factorsuperalgebra ofg and thus also of g. On the other hand, d is a Lie subsuperalgebra of
which homogeneous elements of degree j are direct sums of elements of degree j in the respective components) determines a descending filtration on d
Considering d as a new Lie superalgebra, we can assign to it by the Kac-Cheng theorem simple Lie superalgebras s i for i = 1, . . . , k , and so on. The simple Lie superalgebras which we obtain by this process (starting with g) are by definition the simple components of g.
Consider more generally an exact sequence of Lie superalgebras
If h is a Cartan subsuperalgebra of g, then by Theorem B in Appendix B h := p (h) is a Cartan subsuperalgebra in g . Moreover, here is an observation: if g (α) is a root space such
and consequently α((h g ) 0 ) = 0. This implies in particular that the roots of any Lie factorsuperalgebra of g are naturally identified with a subset of the roots of g.
1.
3. The condition of strong genericity. Our Main Theorem proves the modified conjecture of [PS1] under a shightly stronger condition on λ than genericity. We call it the condition of strong genericity. This condition is stronger only for certain Lie superalgebras g among whose simple components there are the simple Lie superalgebras psq(n) (n ≥ 3) or H(2k + 1) (k ≥ 2). In other words, when g has no simple components isomorphic to psq(n) (n ≥ 3) or to H(2k + 1) (k ≥ 2), a weight λ of g is strongly generic simply whenever it is generic.
As explained above, the genericity condition for λ is a condition only on λ ss . This means that for generic weight λ the restriction of λ to the radical r g0 of g 0 satisfies no other conditions except the equality λ| [h0,h0] = 0. Furthermore, in order for λ to belong to Λ + b (where b is some fixed Borel subsuperalgebra), a neccessary and sufficient condition is that λ ss belong to Λ + b0∩(g0)ss (λ ss being assumed generic and (g 0 ) ss being considered as a Lie subalgebra of g 0 ) and that λ| [g0,rg 0 ]∩h0 = 0. Indeed, as we show below in 3.1, if λ is generic, then λ ∈ Λ
, we obtain in this way that a fixed λ ss ∈ Λ + b0∩(g0)ss can be extended to λ ∈ Λ + b by assigning to λ ss an arbitrary element of the space (h 0 /[g 0 , r g0 ] ∩ h 0 ) * (this element being nothing but the restriction of the so obtained weight λ to h 0 ∩ r g0 ). The condition, in adition to genericity, which defines the strong genericity of λ is then a Zariski open condition on this element, or on λ| h0∩rg 0 , which depends on λ ss and on the structure of g. This additional condition is empty when no simple component of g is isomorphic to psq(n) for n ≥ 3 or to H(2k +1) for k ≥ 2. We postpone the explicit definition of the additional condition to subsection 4.2.4. We conclude this section by noting only that for a fixed generic λ ss ∈ Λ + b0 all strongly generic weights λ ∈ Λ + b whose restriction to (h 0 ) ss coincides with λ ss are dense among all weights in Λ + b whose restriction to (h 0 ) ss coincides with λ ss .
The Main Theorem
Main Theorem. Let g be a finite-dimensional Lie superalgebra and λ ∈ Λ + b be a strongly generic weight. Then chV b (ν λ ) is given by (1).
Corollary. If none of the simple components of g is isomorphic to psq(n) for n ≥ 3 or to H(2k + 1) for k ≥ 2, then the main conjecture of [PS1] ( [PS1] , sect. 6) holds.
The rest of the paper is devoted essentially to the proof of the Main Theorem. In section 3 we have singled out certain preparatory results that might be of some interest by themselves, and in section 4 we present the core of the proof.
Preparatory Results

3.1.
Kac modules: the definition. Throughout the rest of the paper g will be a fixed Lie superalgebra and
, and b − = h ⊃ + n − is the Borel subsuperalgebra opposite to b. We put also ∆
, where κ ∈ Z 2 , and observe that
and ν λ and Πν λ are the only possibly non-isomorphic finite-dimensional irreducible b-modules of weight λ, 1.1). Therefore, for
It is important to note that, for a generic λ ∈ Λ + b0 one always has λ − Θ + ∈ Λ + b0 . Indeed, we claim that, more generally, λ + 
for all lines 0 of g 0 are necessary and sufficient for λ + (4) is not needed). But (4) is an immediate consequence of the genericity of λ ∈ Λ + b and of the fact that µ i are weights of a finitedimensional g 0 -module. Furthermore, since the ideal [g 0 , r g0 ] (where r g0 denotes the radical of g 0 ) acts trivially on any composition factor of M (see [B] , sect. 3 or [PS1] , sect. 7.1.), and since r 0 0 ⊂ r g0 for each line 0 , we have
for all µ i . This, together with the observation that λ(
3) here and below we have in mind the usual partial order ≥ b on h * 0 determined by b: Henceforth, when considering a Kac moduleV b (ν λ ), we will assume that λ ∈ Λ + b is generic. We will show in the Proposition below that in this situation the properties of the Kac module resemble the properties of the original modules defined by V. Kac in [K3] for a basic classical simple g. However, we first need some important preliminary considerations. 
j is the span of the first j elements in the sequence (6). The reader will check immediately (using the definition of distinguished basis) thatF i is a g 0 -submodule of 0Ṽb (ν λ ) for any i. Furthermore, it is quite obvious that each adjoint factorF i /F i−1 admits a g 0 -filtration with factors which are Verma modules over g 0 with highest weight λ+ weight (n 
Combining now the g 0 -filtrations ofF i /F i−1 for all i with the filtrationF · itself, we obtain a finer g 0 -filtration
whose adjoint factors are Verma modules over g 0 . We callF · a standard g 0 -filtration of 0Ṽb (ν λ ). A standard filtration is in general not unique. It will be important for us however, that the b 0 -highest weight spaces of the adjoint factors of any standard filtration on 0Ṽb (ν λ ) are nothing but the composition factors of the
The adjoint factors of such a filtration are b 0 -highest weight modules whose highest weight spaces are the composition factors of the h 0 -module which is the image ofν λ in V . If V is finite-dimensional, V will be called of reductive type over g 0 iff 0 V has a standard g 0 -filtration which is a composition series. Clearly, if g 0 is reductive, any finite-dimensional b-highest weight g-module is of reductive type over g 0 . This is a direct consequence of the fact that in this case any finite-dimensional b 0 -highest weight g 0 -module is irreducible.
3.3. Kac modules: basic properties. We are ready now for
depends up to isomorphism only on b and ν λ , and not on the injection
is of reductive type over g 0 , and even more it is universal among all finitedimensional quotients of the Verma moduleṼ b (ν λ ) which are of reductive type over
Proof. We will prove the statements in the opposite order.
Furthermore, the tensor product of any generic irreducible finite-dimensional g 0 -module
has a filtration whose factors are irreducible highest weight g 0 -modules with highest weight spaces running over the composition factors of the
2. Let us now take a look at the g-module structure onV b0
has a g-filtration whose adjoint factors are highest weight modules with b-highest weight spaces ν µ which run over the composition factors of the b-submodule
Indeed, take the g-submoduleV b (ν λ ) as the smallest g-module in this filtration. Observe then that the image of ν
is nothing but ν + /ν λ , and therefore an irreducible submodule ν λ of ν + /ν λ with b − -maximal weight generates a highest weight submodule in
, and so on. It is clear that each time the intersection of the so obtained highest weight module with the image of the module ν + will be nothing but the highest weight space of this highest weight module. We obtain in this way a g-filtration
and the adjoint factorsF i /F i−1 are b-highest weight modules whose highest weight spaces are the composition factors ν µi of the b-module ν + .
Consider next the canonical surjection
whose adjoint factors are Verma modules over g 0 with highest weight spaces running over the composition factors ofν µi = U (n − 1 ) · ν µi . Observing now that π i restricted toν µi is an isomorphism (which follows immediately from the fact that in the induced modulē
with distinct filtration components (i.e. π i (F j ) = π i (F j−1 ) ∀j) and adjoint factors with highest weight spaces running over the composition factors of the b 0 -moduleν µi .
Combining now the g-filtrationF
· ofV b0 ((λ − Θ + ) κ ) with the g 0 -module filtrations on its adjoint factorsF i /F i−1 , we obtain a g 0 filtration of 0V ((λ − Θ + ) κ ) whose adjoint factors are highest weight modules with b 0 -highest weight spaces running over the composition factors of the
1. implies immediately that all these highest weight g 0 -modules are irreducible and simply coincide with the composition factors of 0V ((λ − Θ + ) κ ). This proves c) because we showed in particular that 0Vb (ν λ ) has a standard filtration whose adjoint factors are irreducible highest weight g 0 -modules with highest weight spaces running over the composition factors of the b 0 -moduleν λ = U (n − 1 ) · ν λ . c) is obtained now simply by applying Weyl's character formula to all of these g 0 -modules. (We showed slightly more. Our argument implies that the character of each adjoint factor F i /F i−1 is given by the right hand side of (7) with ν λ replaced by ν µi .).
5.
We proved already thatV b (ν λ ) is of reductive type over g 0 by showing that the adjoint factors of a standard g 0 -filtration on 0Vb (ν λ ) are irreducible. In order to complete the proof of b) we need to establish the universality property ofV b (ν λ ).
Let now V be a finite-dimensional quotient ofV b (ν λ ) of reductive type over g 0 . Consider the natural projections
We need to prove the existence of a g-module surjectionp :V b (ν λ ) → V which extends (8) to a commutative triangle. The existence ofp is equivalent to the inclusion kerπ ⊂ ker π. But as it turns out, actually kerπ ∩F i ⊂ ker π ∩F i for all i, 0 ≤ i ≤ t. Indeed, our previous considerations imply that the image of kerπ ∩F i inF i /F i−1 is the maximal proper submodule ofF i /F i−1 . On the other hand the image of kerπ ∩F i inF i /F i+1 is either the maximal proper g 0 -submodule ofF i /F i+1 (i.e. it is the same as the image of kerπ ∩F i ), or the whole ofF i /F i+1 . (This is a consequence of the g 0 -reductivity of V ). The reader will easily verify by induction on i that both of these facts imply kerπ ∩F i ⊂ ker π ∩F i for all i. Therefore in particular kerπ ⊂ ker π, and b) is proved.
a) is an immediate corollary of b).
In this way the proof of the Proposition is complete.
3.4. It is clear now that in the definition of g 0 -reductivity of a generic finite-dimensional highest weight module V one can equivalently require that any standard filtration of 0 V be a composition series of 0 V . Indeed, the argument in the proof of statement b) in the above Proposition applies to any standard filtration of 0Vb (ν λ ), and consequently the image in 0 V of any such filtration (i.e. any standard g 0 -filtration of 0 V ) has irreducible adjoint factors.
From the very definition of the
where (ν λ ) V denotes the image ofν λ in V . Indeed,ν λ is defined in terms of a fixed standard filtration on 0Ṽb (ν λ ), so let us consider the corresponding standard filtration on 0 V . The character of each adjoint factor of this filtration is greater or equal to the character of the unique proper irreducible factormodule of this adjoint factor. The character of the latter is given by Weyl's character formula. Since the highest weight spaces of these irreducible g 0 -modules run over the composition factors of (ν λ ) V as h 0 -module, summing up the corresponding inequalities we get (9). If one assumes furthermore that V is of reductive type over g 0 , one obtains immediately that in this case (9) is an equality. Therefore, when V is of reductive type over g 0 , we have simply
3.6. General standard filtrations. The following more general set-up is also quite useful. Let g be a Lie subsuperalgebra of g such that g 0 = g 0 , and let V be a g-factormodule of
Then, generalizing the construction of standard g 0 -filtration, one can construct a natural g -filtration on V . Consider the b -module structure on n
(Note that, although the Cartan subsuperalgebra h of g (h = g ∩ h) does not necessarily belong to g 0 , the very fact that n − 1 /(n − 1 ∩ g ) is a purely odd b -module implies that all composition factors of this module are of dimension ε). Consider next the sequence
i+1 is the span of the first i + 1 elements in (11). We claim (and the reader will verify this easily) that F · g is a g -module filtration of V . Moreover, for each i the adjoint factor
Therefore it is clear that there is a well-defined g -filtration F · g of V which is finer than F · g and whose adjoint factors are g -highest weight modules with b -highest weight spaces running over the composition factors of the h -module (
Similarly to the case discussed in 3.5, we have the inequality
where the sum is taken over all composition factors ν λ of the h -module (ν λ ) (12) is nothing but (9), because in this latter case chV b (ν λ ) is given by the classical Weyl formula and therefore the right hand side of (12) coincides with the right hand side of (9).
Proof of the Main Theorem
The idea is to first construct explicitly a finite-dimensional b-highest weight moduleV b (ν λ ) whose character is given by the right hand side of (1), and then to show that the canonical projectionp : 4.1.1. The g-moduleV b (ν λ ). We start by constructing a g-moduleV b (ν λ ) whose character is given by the unmodified character formula from [PS1] , i.e. by (1) 
. In general this module is reducible.
Fix a chain of Borel subsuperalgebras of
be the corresponding sequence of lines in ∆ (ı.e.
for any g
weight module with highest weight space ν λ 1 , where
To prove this, notice that the maximality of V 0 b implies that ν λ 1 projects isomorphically to the irreducible quotient V b (λ δ ) of V . Therefore V b (λ δ ) has a b 1 -submodule isomorphic to ν λ 1 , and it is the irreducibility of V b (λ δ ) as g-module which implies the irreducibility of ν λ 1 as b 1 -module.
In the same way as above one can check that V 2 is a b 2 -highest weight 
We will calculate now chV b (ν λ ) by consecutively calculating the characters of the modules V i . We note that all V i are of reductive type over g 0 (V is of reductive type over g 0 , 3.3, and all its factormodules have this property too) and thus (10) holds for each V i . Moreover, since V i is also a b i -highest weight module, we can replaceν λ byν λ i in (10) and obtain
where ρ in which the first | dim(n
Then it is easy to check that 
where the distinguished basis of n 
Furthermore, using again Proposition 6 in [PS1] , the reader will verify immediately that
where w 0 denotes the simple reflection in W corresponding to 0 when 0 is of type (ii) or (iii) and w 0 = id otherwise. This enables us to rewrite (16) as
Turning now to ch((ν λ 2 ) V 2 ), one first establishes a formula analogous to (16) (by following the same lines as above), which is (18) ch((ν λ 2 ) V 2 ) = (
But, similarly to (17),
where w 1 is the simple reflection corresponding to 1 when 1 is of types (ii) or (iii) (w 1 = id if 1 is of type (i) or 1 is inessential). Combining (18) and (19), we obtain
Continuing this process one proves that for any i, 0 ≤ i ≤ r,
For i = r this yields via (14) (20) 
i.e. chV b (ν λ ) is given by the right hand side of (1) with (ñ
Our arguments in the rest of the proof (of the Main Theorem) rely on induction on the dimension of g. Recall that
for some simple Lie superalgebras s i , i = 1, . . . , k, for some n i ∈ N, and for a certain
for some simple Lie superalgebras s i , for some n i ∈ N, and for certain d ∈ ⊕ k i =1 W(n i ). Continuing this process we will reach a minimal t ∈ N for which (d (t) ) ss = 0 (it could be that t = 0, i.e. that d = 0 from the very beginning). There are two possibilities: ) we obtain an exact sequence of Lie superalgebras
where pr is the composition of projections g → d (t−1) →s andḡ is defined as ker pr. Clearly pr induces an embedding of pr(h) * into h * , as well as an embedding of the roots ofs into ∆ (see 1.2). We define the Lie superalgebra gs of g as the sum of h and the Lie subsuperalgebra of g generated by all root spaces g (α) where α is a root ofs.
Assume now that d (t−1) ss = 0. Then ifḡ is a non-zero abelian Lie superalgebra quotient of d (t−1) of dimension 1 or ε (d (t−1) = 0 because of the minimality of t, and a solvable Lie superalgebra always has an abelian quotient of minimal dimension), we obtain an analogous exact sequence of Lie superalgebras
where pr is the composition of projections g → d (t−1) →ḡ.
We will use now induction on dim g to construct a "smaller" g-moduleV b (ν λ ). If g ss = 0, i.e. if g is solvable, we defineV b (ν λ ) asV b (ν λ ). In the case when g is not solvable but (22) holds we just endowV b∩g (ν λ |h 0 ∩g ) with a g-module structure if the h-module ν λ is irreducible as h ∩ g-module, and we setV
if the h-module ν λ is reducible as h ∩ g-module (in this case necessarily dim g = ε and thus h 0 ∩ g = h 0 and ν λ = ν λ|h0∩g ).
Assume now that (23) holds but s psq(n) (n ≥ 3). Then we consider the natural diagramṼ
where b is b considered as a Borel subsuperalgebra of pr −1 (pr(b)) andV b (ν λ ) is the corresponding pr −1 (pr(b))-module (note that by Theorem B in Appendix B pr(b) is a Borel subsuperalgebra ins), and set
We claim that in all of the above cases chV b (ν λ ) is given by the right hand side of (1). Indeed if (22) holds this is obvious, and if (23) holds but s psq(n) (n ≥ 3), ands 0 = (ders) 0 when s = H(2k + 1) (k ≥ 2), this is a staightforward consequence of the fact thats has no lines for which g admits a surjective homorphism p : g → sq(2) such that any ideal of g 0 which contains properly (ker p ) 0 contains necessarily g 0 . The latter is established by a direct inspection of the roots and line subsuperalgebras ofs, see Appendix A.
The construction ofV b (ν λ ) requires some special considerations if s psq(n) (n ≥ 3). Let s psq(n) (n ≥ 3). Letb denote the Borel subsuperalgebra pr(b) ofs and letB be the respective Borel subsupergroup of the Lie subsupergroupS corresponding tos (in the notations of [P2]S = P Q(n) whens = ders, see Appendix A, andS = P SQ(n) whens = s). The superschemeS/B is nothing but the supermanifold of Π-invariant flags in C n+nε constructed by Manin, see [M] . Let E λ be the unique g-linearized OS /B -module whose geometric fibre at the closed point pr −1 (b) is the pr −1 (b)-moduleV b (ν λ ) (b denoting as above b considered as a Borel subsuperalgebra of pr −1 (b)). The closed points ofS/B are naturally identified with the Lie superalgebras pr −1 (b ) for all Borel subsuperalgebrasb of s. Using the homogeneous superspace techniques developed in [P2] (and in the earlier paper [P3]) one verifies in a straightforward way that H 0 (S/B, E * λ ) = 0 and that H i (S/B, E * λ ) = 0 for i > 0 (the vanishing of the higher cohomology is a consequence of the genericity of λ). There is a natural commutative diagram
where π λ is a surjective morphism of g-modules,p is a surjective morphism of pr 
Furthermore, a straightforward calculation based on Bott's theorem gives
where s runs over all lines ofs.
OnS/B we have "Demazure reflection functors" (which were introduced in [P3] and were then used in particular in [P2] ) and they enable us to construct explicityV b (ν λ ) as a quotient of H 0 (S/B, E * λ ) * . (As we will prove in 4.2 this quotient is nothing but V b (ν λ ) itself).
Indeed choose a chain of Borel subsuperalgebras ofsb =b
, where w k is the element of the Weyl group ofs for whichb k = w k (b) (and where E w k (λ) is defined in the same way as E λ with λ replaced by w k (λ)). Then H k (S/B, E * w i (λ) ) = 0 only when k = i, and for each i the results of [P3] (and [P2] ) enable us to construct canonical g-module homomorphisms
). These homorphisms are the analogue of the usual Demazure reflection isomorphisms (cf. for instance [D] ). We define now the quotientV b (λ) of H 0 (S/B, E * λ ) * by puttinĝ
where j is the composition of all j i :
).
By a routine argument based on the results of [P3] and [P2] one verifies that the induction assumption (i.e. the fact that chV b (ν λ ) is given by the right hand side of (1) applied to pr −1 (b)) implies that chV b is given by the right hand side of (1). This completes the construction ofV b (ν λ ) when (21) holds with s psq(n). It is in this step where the difference
is crucial.
In this way, for any generic λ we have constructed a g-moduleV b (ν λ ) whose character is given by the right hand side of (1). It remains to prove its irreducibility.
Irreducibility ofV b (ν λ ). In the rest of the proof our aim is to show that for a strongly generic
is irreducible. The argument is also based on induction on dim g. When dim g ss = 0, i.e. when g is solvable, the result follows immediately from Proposition 9 in [PS1] . Therefore we assume thatp is an isomorphism for all strongly generic irreducible finite-dimensional modules of all Lie superalgebras g ∨ with dim g ∨ < dim g. This is equivalent to assuming thatp restricted to (ν λ ∨ )V b ∨ (ν λ ∨ ) is an isomorphism, or that the character of (
)) (where the checks refer to the fact that these formulas apply to g ∨ ).
4.2.1. Reduction to the case of gs. The case when (22) holds is very easy. Indeed, according to our construction in 4.1.2,V b (ν λ ) either coincides withV b∩ḡ (ν λ|h0∩ḡ ) or it is induced fromV b∩ḡ (ν λ ) (in the latter case ν λ = ν λ|h0∩ḡ ). But in both cases the induction assumption, i.e. the irreducibility of V b∩ḡ (ν λ|h0∩ḡ ) (together with the irreducibility of ν λ as an h-module when dimḡ = ε), implies the irreducibility ofV b (ν λ ).
Assume now that (21) holds. The reader will verify immediately that all one needs to show is that the restriction ofp to the "lowest" weight space of the h-module (ν λ )V b (ν λ ) , namely the weight space of the same weight as
is an isomorphism. This is what we will prove now under the assumption that gs = g.
Consider first the weight space of (ν λ )V b (ν λ ) of the same weight as the space
This is nothing but the weight space of the h-module (ν λ ) U (gs)·ν λ of the same weight. Therefore the induction assumption for gs implies thatp restricted to this weight space of (ν λ )V
is an isomorphism.
Let us look now at the standard g := pr
has a weight space of the same weight as (n 1 )∩ḡ on this weight space, one generates a space which contains the weight space of (ν λ )V
whose weight coincides with that of (24). Since howeverh :
is a Cartan subsuperalgebra ofḡ, this space is generated overh by b ∩ḡ-singular vectors in the gradedḡ-module corresponding to theḡ-filtration onV b (ν λ ) obtained by restricting its standard g -filtration toḡ. Therefore we can apply the induction assumption toḡ (note that all root spaces g (α) for α ∈ (h s ) * 0 belong toḡ) and conclude that the last element of a distinguished basis in U (n − 1 ∩ḡ) acts non-trivially in the image underp of the weight space of (ν λ )V b (ν λ ) whose weight coincides with that of (24). But this implies immediately thatp restricted to the weight space of (ν λ )V b (ν λ ) whose weight coincides with that of (23) is an isomorphism. In other words we have carried out the induction step unless (21) holds and g = gs. In the rest of the proof we will carry out the induction step for g = gs by considering several different cases for the simple Lie superalgebra s.
4.2.2.
The case when g g g=g g gs s s and g g g =g g g 0 for all of type (ii) or (iii). ¿From now on we assume that (21) holds and that g = gs, where s ⊂s ⊂ der s for a simple Lie superalgebra s. In this section we consider the case when s osp(2r + 1 + 2nε) (r ≥ 0, n ≥ 1), G(3), psq(n) (n ≥ 3), or when s H(2k + 1)(k ≥ 2) buts 0 = (ders) 0 , i.e. let s sl(m + nε) (m + nε > 1 + ε), psl(n + nε) (n ≥ 2), osp(2r + 2nε) (r ≥ 1, n ≥ 2), sp(n) (n ≥ 2), W(n)(n ≥ 2), S(n)(n ≥ 2),S(2r)(2r ≥ 2), H(2k)(k ≥ 3), F(4), D(2, 1; α), or let s H(2k + 1)(k ≥ 2) ands 0 = (ders) 0 . Note first that in order to verify thatp is an isomorphism, after being restricted to the weight space of (ν λ )V b (ν λ ) of the same weight as (23), all one needs to check is that the sum of absolute values of the dimensions of the b 0 -highest weight spaces of all composition factors of 0 V b (ν λ ), whose highest weight coincides with the weight of (23), equals the absolute value of the dimension of (23). It is precisely this statement (let us refer to it as ( * )) that we shall prove now using our explicit knowledge of the roots of s ands.
The argument is based on the crucial observation that for all g under consideration, g 1 = 0 for an essential line implies that g 1 ⊂ r. In particular chV b (ν λ ) is given by the unmodified character formula, i.e. formula (1) 
be the respective sequence of highest weight spaces of V b (ν λ ). Then, as it is easy to check, . In the second case
Therefore, the sum of absolute values of the dimensions of the (b (23), we have proven ( * ). The above argument is a quite general finite-dimensional version of the method of "odd reflections". An infinite-dimensional version of this method is developed in [PS2] for the special case when g = gl(m + nε), sl(m + nε), osp(2 + 2nε), p(m), sp(m).
4.2.3.
The case when g g g=g g gs s s fors s s=s s s osp(2r+1+2nε), G(3). In the rest of the proof we assume that g = gs for s = osp(2r +1+2nε) (r ≥ 1, n ≥ 1), s = G(3), s = psq(n)(n ≥ 3), or s = H(2k + 1)(k ≥ 2) ands 0 = s 0 . It will be our standard assumption now, thatV b (ν λ ) is a reducible g-module, or equivalently that ker(p| (ν λ )V b (ν λ ) ) = 0. In each case we will show that this is contradictory.
We start with the important observation that if we consider a sequence n 1 · v be µ and let its image inV b (ν λ )/F t−1 be v µ . All we need to prove is that the existence of v µ leads to a contradiction.
In the rest of this section we will settle the cases whens = s = osp(2r + 1 + 2nε), r ≥ 1, n ≥ 1, ors = s = G(3). (See Appendix A for the roots of s). Assume first that s = osp(2r + 1 + 2nε) (r ≥ 1, n ≥ 1). Here chV b (ν λ ) is also given by (1) with
. There either exists s (1 ≤ s ≤ u) and never equals ±δ q for 1 ≤ s ≤ u, 1 ≤ q ≤ n. We will show that both alternatives are impossible. A contradiction to the second alternative can be obtained by the methods of 4.2.2. Indeed, connecting b and b − by a chain of Borel subsuperalgebras we have
where L ∨ is the set of essential lines of the Lie subsuperalgebra g
. . , r, q = 1, . . . , n}. By the same argument as above we conclude thatp restricted to U (n is of weight ±δ q for some s an q. Let then g ∨ be the Lie subsuperalgebra pr
) of g, where h s = pr(h) and α ∨ runs over ∆\{±(ε i ± δ 1 ), ±(δ j ± δ 1 ), ±δ 1 | i = 1, . . . , r, j = 2, . . . , n} in case q ≤ n − 1, and respectively over ∆\{±(ε i ± δ n ), ±(δ j ± δ n ), ±δ n | i = 1, . . . r, j = 1, . . . , n − 1|} for q = 1. We claim now, and this is crucial, that the induction assumption for the irreducible quotient of the g ∨ -module
, the induction assumption implies that among the composition factors of 
On the other hand, (the construction ofV b (ν λ ) implies that)
q . Using this, we will show now that the existence of s and q is contradictory . There are two possibilities: pr(n 
which is a contradiction. Thus we must assume that pr(n m s 1 ) = 0. But this is contradictory too, since for any weight ζ with f
where ( , ) q is the Killing form on a (any) Lie subsuperalgebra of g q isomorphic to
osp(1 + 2ε) and containing n m s , while the genericity of µ
This contradiction settles the case when s = osp(2r + 1 + 2nε), (r ≥ 1, n ≥ 1).
For s = G(3) the argument is very similar. Either there exists s so that the weight of n m s is ± γ 2 , or the weight n m s never equals ± γ 2 for 1 ≤ s ≤ u. The second alternative gets ruled out by an argument very similar to the one in 4.2.2. The first alternative gets ruled out by practically the same argument as in the case of ±δ q for s = osp(2r + 1 + 2nε), (r ≥ 1, n ≥ 1). 4.2.4. The cases when s s s psq(n), or s s s H(2k+1) ands s s 0 = s s s 0 . The only two cases left are when s = psq(n) (n ≥ 3), or s = H(2k + 1)(k ≥ 2) ands 0 = s 0 . Here we will need the condition of strong genericity of λ ∈ Λ + b for the induction step. Let us first consider in detail the case when s psq(n), n ≥ 3. Fix an embedding of (pr(g 0 )) ss = (g 0 ) ss into g 0 according to Levi's theorem. This gives an isomorphism of vector spaces h 0 = (h 0 ) r ⊕ (h 0 ) ss . Furthermore, since (g 0 ) ss = pgl(n), we have a canonical embedding of (h 0 ) * ss into the dualĥ * of Cartan algebraĥ of gl(n). If h 1 , . . . , h n is a standard basis inĥ and ε 1 , . . . , ε n is its dual, let λ ss = λ| (h0)ss = n i=1 λ i ε i . Fix the positive roots of b to be {ε i − ε j |i < j} and let the sequence n 1 1 , . . . , n d 1 be also fixed in such a way that the roots ofs in the corresponding sequence of roots α 1 , . . . , α d form the subsequence
3) is obviosly compatible with this assumption. We are ready now to define explicitly the condition of strong genericity for g = gs, s = psq(n), n ≥ 3. By definition, a generic λ ∈ Λ + b is strongly generic in this case if for each k, such that n 
−→ g 
)
Rα s to (h 0 ) r ) and this is easily seen to contradict to the induction assumption for the Lie subsuperalgebra pr −1 (s 0 ) (because then the highest weight space of some composition factor of 0Vb (ν λ )/F k−1 would be generated by n
We observe now that
for any line of g. Indeed, since any with g ⊂ḡ is of type (ii), in order to verify (25) (see Lemma 4 in [PS1] ) if suffices to check that for any¯ with g¯ ⊂ḡ one has
Assuming that (26) is false, we obtain by an argument very similar to the one in 4.2.2 that
and in particular that λ
But this is easily seen again to contradict the induction assumption for pr −1 (s 0 ) because it implies that 0Vb (ν λ )/F k−1 would have a composition factor whose highest weight space is generated by an element of F k−1 . Therefore since the action of W on λ |h∩r is trivial, (25) enables us to replace in (1) (for any Lie superalgebra
Using the induction assumption we will show next that n (27) n
On the other hand
But since µ
) an immediate checking shows that (27) and (28) 
). Consider the Z-filtration ons
induced by the natural embedding ofs into W(2k + 1) 5) , see 1.2. It defines a Z-filtration on g: In this case we define the condition of strong genericity for λ ∈ Λ + b as the requirement that λ be generic and that n i1 1 , . . . , n i d 1 can be chosen so that, for any weight ζ of S · · · (n − 1 ) and any r = 1, . . . , k, one has (λ + ζ)([n ir 1 , g (εj r ) ]) = 0, j r being such that n ir 1 ∈ g (−εj r ) .
5) it is easy to verify that the obvious embedding of s into W(2k + 1) extends to an embedding ofs, see also [K1] , sect. 5.1 . 
Indeed, otherwise the existence of v µ would contradict the induction assumption for the irreducible quotient of the U (g 0 )-module U (g 0 )·ν λ . But then the genericness of λ implies that necessarily n
, and that therefore some composition factor of 0Vb (ν λ )/F k−1 would be generated by the highest weight vector n
This completes the proof when g = gs for s = H(2k + 1) (k ≥ 2) and s 0 = s 0 .
In order to complete the proof of the Theorem, it remains only to note that for any fixed g, b, and λ ∈ Λ In this Appendix we write down the roots of the simple Lie superalgebras s and of the respective Lie superalgebras ders, and discuss the line subsuperalgebras of s and ders. A considerable amount of information is taken directly from the pioneering paper of Kac [K1] , where the simple Lie superalgebras s are described and classified, ders is calculated, and the roots of s are written down for all basic classical s. The purpose of the Appendix is to present the corresponding information from a unified point of view for all simple Lie superalgebras (which are not Lie algebras), including the Cartan-type Lie superalgebras as well as sp(n) and psq(n).
A.1 Definitions and notation. All simple Lie superalgebras s are described in [K1] . In general we follow the notations of [K1] , but there are some differences. First of all, we write sl(m + nε) and osp(m + nε) instead of sl(m|n) and osp(m|n). Second, we use different notation for the series of simple Lie superalgebras P(n) and Q(n) introduced in [K1] .
Here are some definitions used below. If C m+nε is a vector space of dimension m + nε, we set gl(m+nε) = End(C m+nε ), End(C m+nε ) being endowed with its natural Lie superalgebra structure. We set sl(m + nε) := {g ∈ gl(m + nε) | strg = 0} (the supertrace str is defined for instance in [K1] ) and pgl(m + nε) := End(C m+nε )/C·id. If m = n, we can set furthermore psl(n+nε) = sl(n+nε)/C·id because in this case the identity endomorphism lies in sl(n+nε).
We denote by q(n) the subsuperalgebra of gl(n + nε) which preserves an odd isomorphism ω : C n+nε ∼
− →C
n+nε with ω 2 = id. In matrix form q(n) consists of 2n × 2n-matrices with n × n-block structure A B B A
where A and B are arbitrary n × n-matrices with complex coefficients, the spaces filled by A being considered even, and the spaces filled by B being considered odd. We set pq(n) = q(n)/C·id,
and psq(n) = sq(n)/C·id. pq(n), sq(n), and psq(n) are well-defined Lie superalgebras and psq(n) is denoted by Q(n − 1) in [K1] . psq(n) is simple for n ≥ 3. By p(n) we denote the Lie subsuperalgebra of gl(n + nε) consisting of block-matrices with n × n-blocks A B C − A t , A being an arbitrary n × n-matrix, B being a symmetric n × n-matrix and C being an skew-symmetrix n × n-matrix. We set
sp(n) is the Lie superalgebra denoted by P(n − 1) in [K1] . sp(n) is simple for n ≥ 3.
Throughout the rest of Appendix A s denotes a simple Lie superalgebra and h s is a fixed Cartan subsuperalgebra in s.
A.2. Root structure of the simple Lie superalgebras.
A.2.1. s s s=sl(m+nε), m = = =n; s s s=psl(n+nε) for m=n>1.
where ε 1 , . . . , ε m , δ 1 , . . . , δ n are the images in h * s of the basis dual to a standard basis in a Cartan algebra of gl(m) ⊕ gl(n) which contains h s for m = n, and of which h s is a subfactor when m = n.
, because in this case ε 1 −δ 2 = δ 1 −ε 2 and therefore ε 1 − δ 1 = δ 2 − ε 2 (more generally, for s = psl(n + nε) ε 1 + · · · + ε n = δ 1 + · · · + δ n which yields ε 1 + ε 2 = δ 1 + δ 2 for n = 2). -All lines of s are essential and, for each , ∩ ∆ = {±α } for a certain α ∈ ∆; is of type (i) whenever α ∈ ∆ 1 , and is of type (ii) whenever α ∈ ∆ 0 . If is of type (ii), then s sl(2). If is of type (i) and dim s (α ) = ε (the latter is true always, unless m = n = 2), then s sl(1 + ε). If m = n = 2 and is of type (i), then dim s = 1 + 4ε.
-Unless m = n = 2, ders pgl(m+nε); for m = n s ders, and for m = n = 2 s is an ideal in ders of codimension 1. In the latter case h s is a codimension 1 subalgebra in a Cartan subalgebra h ders of ders and the roots of s and ders are indentified through the projection h * ders → h * s . The line subsuperalgebras of ders are identical with those of s.
If m = n = 2, ders s ⊂ + sl(2) and (ders) 0 s 0 ⊕ sl(2). h s ⊕ h sl(2) (h sl(2) being a 1-dimensional Cartan subalgebra in sl (2)) is a Cartan subsuperalgebra of ders. The roots ∆ ders of ders are
where ±γ are the roots of sl(2) and ε 1 + ε 2 = δ 1 + δ 2 . One has
Furthermore, dim s (α) = 1 for any α ∈ (∆ ders ) 0 and dim s (α) = ε for any α ∈ (∆ ders ) 1 . All lines of ders are essential and, for any , ∩∆ ders = ±{α } for a certain α ∈ ∆; is of type (i) whenever α ∈ (∆ ders ) 1 , and in this case (ders) sl(1 + ε); is of type (ii) whenever α ∈ (∆ ders ) 0 , and in this case (ders) sl(2).
A.2.2. s s s=osp(m+2nε).
where ε 1 , . . . , ε r and δ 1 , . . . , δ n are bases dual to standard bases respectively in h s ∩ o(m) and h s ∩ sp(n).
-All lines of s are essential. A line is of type (i) whenever ∩ ∆ = {±α } for some odd root α and in this case s sl(1 + ε). is of type (ii) whenever ∩ ∆ = {±α } for an even root α and then s sl(2). is of type (iii) iff ∩ ∆ = {±α , ±2α } where α = ±δ k for some k; this is possible only if m = 2r + 1, r ≥ 0 and in this case s osp(1 + 2ε). -ders = s.
A.2.3. s s s=sp(n), n≥ ≥ ≥3.
where ε 1 , . . . , ε n are the images in h * s of a basis dual to a standard basis in a Cartan algebra of gl(m) which contains h s .
-If is a line of s, one has either ∩ ∆ = {±α } for some α = −2ε i , and then is essential, or one has ∩ ∆ = {−2ε i0 } for some i 0 , and then is inessential. If = {±α } and α ∈ ∆ 0 , then s sl(2); if = {±α } and α ∈ ∆ 1 , then A.2.4. s s s=psq(n), n≥ ≥ ≥3.
where ε 1 , . . . , ε n is the basis dual to a standard basis in a Cartan algebra of gl(n) which projects onto h.
-All lines of s are essential and for each one has ∩ ∆ = {±α } for a certain α ∈ ∆; s sq(2) ∀ . -ders pq(n). h s is a codimension ε subsuperalgebra in a Cartan subsuperalgebra h ders of ders. Therefore (h ders ) 0 = (h s ) 0 . Moreover, the roots of s and ders are identical and the line subsuperalgebras of ders and s are also identical.
A.2.5. s s s=D(2,1;α).
2 (±γ 1 ± γ 2 ± γ 3 )|i = 1, 2, 3}, ±γ i , i = 1, 2, 3 being respectively the roots of the i-th copy of sl(2) in s 0 .
-dim s (α) = 1 ∀α ∈ ∆ 0 ; dim s (α) = ε ∀α ∈ ∆ 1 . -All lines of s are essential and, for each , ∩ ∆ = {±α } for a certain α ∈ ∆; if α ∈ ∆ 0 , then is of type (ii) and s sl(2); if α ∈ ∆ 1 , then is of type (i) and
A.2.6. s s s=F(4).
, where ε 1 , ε 2 , ε 3 are a basis dual to a standard basis in h s ∩ o(7), and ±γ are the roots of sl(2).
-All lines of s are essential and, for each , ∩ ∆ = {±α } for a certain α ∈ ∆; if α ∈ ∆ 0 , then is of type (ii) and s sl(2); if α ∈ ∆ 1 , then is of type (i) and
A.2.7. s s s=G(3).
, where ε 1 , ε 2 , ε 3 are standard elements of (h s ∩ G 2 ) * such that ε 1 + ε 2 + ε 3 = 0, and ±γ are the roots of sl(2).
A line is of type (i) whenever ∩ ∆ = {±α } for some odd root α = ±ε i ± γ 2 and in this case s sl(1 + ε). is of type (ii) whenever ∩ ∆ = {±α } for an even root α and then s sl(2). is of type (iii) iff ∩ ∆ = {±α , ±2α } for α = ± γ 2 ; in this case s osp(1 + 2ε). -ders = s.
A.2.8. s s s=W(n), n≥ ≥ ≥2.
-s 0 r s0 ⊂ + gl(n), r s0 being a solvable Lie algebra of dimension n · 2 n−1 − n 2 . -h s = h s ∩ gl(n), dim h s = n.
where ε 1 , . . . , ε n is a basis dual to a standard basis in h s (h s can be considered as a Cartan subalgebra in gl(n)).
for α = ε i1 + · · · + ε i − ε j . -All lines of s are inessential except those for which ∩ ∆ = {±ε j }, j = 1, . . . , n, and those for which ∩ ∆ = {±(ε i − ε j )}, 1 ≤ i = j ≤ n. If ∩ ∆ = {±ε j } for some j, then is of type (i) and dim s = n − 1 + nε; if ∩ ∆ = {±(ε i − ε j )} for some i, j, then is of type (ii) and s sl(2). -ders = s.
A.2.9. S=S(n),S S S(n)(n=2k for S=S S S(n) ), n≥ ≥ ≥3.
-s 0 r s0 ⊂ + sl(n), the radical r s0 of s 0 being of dimension (n − 1)2 n−1 − n 2 + 1. -h s = h s ∩ sl(n), dim h s = n − 1.
where ε 1 , . . . , ε n are the images in h * s of a basis dual to a standard basis in a Cartan algebra in gl(n); ε 1 + · · · + ε n = 0.
for α = ε i1 + · · · + ε i + · · · + ε i − ε j . -All lines of s are inessential except those for which ∩ ∆ = {±ε j }, j = 1, . . . , n, and those for which ∩ ∆ = {±(ε i − ε j )}, 1 ≤ i = j ≤ n. If ∩ ∆ = {±ε j } for some j, then is of type (i) and dim s = (n − 2) + (n − 1)ε; if ∩ {±(ε i − ε j )} for some i, j, then is of type (ii) and s sl(2). -ders = s for s =S(n)(n = 2k). If s = S(n), then ders s ⊂ + C. In the latter case h ders = h s ⊕ C is a Cartan subsuperalgebra in ders, and the roots of ders and s are identified through the projection h * ders → h * s . The line subsuperalgebras of s and ders are identical.
A.2.10. s s s=H(n), n≥ ≥ ≥5.
-s 0 r s0 ⊂ + o(n), the radical r s0 of s 0 being of dimension 2 n−1 − 2 − 2k 2 + k for n = 2k, and respectively of dimension 2 n−1 − 1 − 2k 2 − k for n = 2k + 1.
-dim h s = 2 k − 2 for n = 2k
(2 k − 1)(1 + ε) for n = 2k + 1.
-∆ =    ε i1 + · · · + ε it − ε j1 − · · · − ε js i r = i p , j r = j p , i r = j p ,
where ε 1 , . . . , ε k a basis dual to a standard basis in h s ∩ o(n). -If n = 2k, then ∆ 0 = {ε i1 + · · · + ε it − ε j1 − · · · − ε js |t + s = 2 }, ∆ 1 = {ε i1 + · · · + ε it − ε j1 − · · · − ε js |t + s = 2 + 1} and ∆ 0 ∩ ∆ 1 = ∅. If n = 2k + 1, then ∆ 0 = ∆ 1 = ∆.
-dim s (α) = 2 x · ε t+s for n = 2k 2 x (1 + ε) for n = 2k + 1, where α = ε i1 + . . . + ε it − ε j1 − . . . − ε js and x = #{1, . . . , k}\({i 1 , . . . , i t } ∪ {j 1 , . . . , j s }). -All lines are essential and, for each , ∩ ∆ = {±α } for some α = ε i1 + . . . + ε it − ε j1 − . . . − ε js . If n = 2k, then is of type (i) whenever t + s = 2, and is of type (ii) for t + s = 2. One has dim s = 2 x + 2 x+1 ε t+s for t + s ≥ 2 2 k−1 − 1 + 2 k ε for t + s = 1,
x having been defined above. If n = 2k + 1, then is of type (i) whenever t + s > 2, Lie superalgebra morphisms, has not been discussed. It is important to point out that Cartan and Borel subsuperalgebras are not functorial under non-surjective Lie superalgebra morphisms. More precisely, if ϕ : g → g is a non-surjective morphism of Lie superalgebras it is easy to provide counterexamples to both of the following statements: if h (respectively b) is a Cartan (Borel) subsuperalgebra of g, then ϕ(h) contains or is contained in a Cartan (Borel) subsuperalgebra of g ; if h (repectively b ) is a Cartan (Borel) subsuperalgebra in g , then ϕ −1 (h ) ( ϕ −1 (b ) ) contains or is contained in a Cartan (Borel) subsuperalgebra of g. Therefore it is reasonable to study the behaviour of Cartain and Borel subsuperalgebras for a surjective ϕ : g → g . Here the situation turns out to be as nice and simple as it possibly could be.
Theorem B.
6) Let ϕ : g → g be a surjective morphism of Lie superalgebras.
a) If h and b are respectively a Cartan and a Borel subsuperalgebra in g, then ϕ(h) and ϕ(b) are respectively a Cartan and a Borel subsuperalgebra in g . b) For each Cartan subsuperalgebra h ⊂ g (respectively for each Borel subsuperalgebra b ⊂ g ) there exists a Cartan subsuperalgebra h ⊂ g with ϕ(h) = h (respectively a Borel subsuperalgebra b ⊂ g with ϕ(b) = b ).
Proof. a) Let h be a Cartan subsuperalgebra in g. Consider the root decomposition of g with respect to h 0 and let 0 = α ∈ h * 0 be a root for which g (α) ⊂ ker ϕ (if no such α exists, ϕ(g) = ϕ(h) = g is a nilpotent Lie superalgebra and the statement is trivially true.) Then the inclusion [h ∩ ker ϕ, g (α) ] ⊂ ker ϕ (ker ϕ is an ideal in g) implies that the action of h ∩ ker ϕ on g (α) is nilpotent (otherwise [h ∩ ker ϕ, g (α) ] would necessarily be equal g (α) which is impossible since the inclusion ker ϕ ∩ g (α) ⊂ g (α) is proper). Thus α is an element of the subspace ϕ(h 0 ) * of h * 0 . But therefore g decomposes over ϕ(h 0 ) as
Since it is obvious that ϕ(h) is a nilpotent Lie subsuperalgebra of g , (29) gives immediately N i g (ϕ(h) 0 ) = ϕ(h) 7) , and Proposition 1 in [PS1] enables us to conclude that ϕ(h) is a Cartan subsuperalgebra in g .
If now b is a Borel subsuperalgebra of g, fix a Cartan subsuperalgebra h of g with h ⊂ b. Then b is determined by a triangular decomposition of the roots ∆ of g with respect to h 0 , [PS1] . But (29) implies that any triangular decomposition of ∆ induces a triangular decomposition of the roots ∆ of g with respect to h 0 = ϕ(h) 0 , and therefore it is evident that b = ϕ(b) is a Borel subsuperalgebra in g . b) Let h be a Cartan subsuperalgebra of g . Consider the Lie subsuperalgebra ϕ −1 (h ) ⊂ g and let h be a Cartan subalgebra of ϕ −1 (h ). According to a), ϕ(h) is a Cartan subsuperalgebra in h , i.e. ϕ(h) = h . In order to be able to claim that h is actually a Cartan subsuperalgebra of g, we need to check that h = N i g h 0 . The definition of h implies h = N i ϕ −1 (h ) h 0 . However N i g h 0 /N i ϕ −1 (h ) h 0 = 0 gives (N i g h 0 )/h = 0 which contradicts to the definition of h as Cartan subsuperalgebra of g . Therefore N i g h 0 = N i ϕ −1 (h ) h 0 = h, and h is a Cartan subsuperalgebra in g.
If now b is a Borel subsuperalgebra of g , a Borel subsuperalgebra b of g with ϕ(b) = b is constructed as follows. Let b = h ⊃ + n , h being a Cartan subsuperalgebra in g . Let h ⊂ g 6) Theorem B is well known in the case of Cartan subalgebras of Lie algebras, see for instance [H] . 7) N ig g is defined in [PS1] for any linear subspace g of g: N ig g = {g ∈ g| for some k ∈ N (adg ) k (g) = 0 ∀g ∈ g }. be a Cartan subsuperalgebra in g with ϕ(h) = h . Denote by H a regular real hyperplane in (h 0 ) * such that H defines b (see [PS1] ). Identify (h 0 ) * with the subspace ϕ(h) * 0 of h * 0 and extend H to a regular real hyperplane H in h * 0 . (It is an elementary geometric fact that H exists). b is then the Borel subsuperalgebra of g determined by the half-space of H which intersects non-trivially with the half-space of H corresponding to b . It is completely clear that ϕ(b) = b .
